During certain stages of the offset printing process, the paper sheet is conveyed by the blower air. Vibration and acoustic measurements confirmed that under certain circumstances the sheet undergoes flow-induced vibration with significant amplitudes, generating a serious noise source at the same frequency. In order to understand the fluid-structure interaction between the flexible paper sheet and air exiting the nozzles, and to assess the conditions when unstable paper vibration with large amplitudes is possible, a simplified analytical model was developed. The paper sheet, modeled as a flexible 1D chain, is fully coupled to quasi-1D inviscid flow. Under the assumption of small deflections, the coupled equations can be analytically solved in frequency domain, yielding complex eigenfrequencies of the system. For a given flow velocity (corresponding to a specific air pressure setting), the real and imaginary part of the eigenfrequency determines whether the system is stable or unstable.
Introduction
The large-format offset printing process involves transport of wide paper sheets between the various modules of the printing press. The transport is realized either mechanically by belts, drums and grippers, or assisted pneumatically by blower air. The blower air usually exits almost tangentially with respect to the transported paper sheet from several nozzles distributed along the paper width. The flow velocity at the nozzle exit is relatively high, typically 60 − 120 m/s, the transport velocity of the paper sheet is much lower (about 5 m/s). The paper sheet is partly supported by the belt and rollers upstream, and by the head stops downstream. In between, it hovers on the air jet. Vibration and acoustic measurements in a specific offset printing press confirmed that under certain circumstances the sheet undergoes flow-induced vibration (flutter) with significant amplitudes up to 1.5 mm and frequencies about 1500 Hz, generating a serious noise source at the same frequency.
In order to understand the fluid-structure interaction between the flexible paper sheet and air exiting the nozzles, and to assess the conditions when unstable paper vibration with large amplitudes is possible, a simplified analytical model was developed in addition to a complex set of measurements realized directly on the machine. This contribution describes the basic concepts of the mathematical model of the flow-induced sheet vibration, and reports some of the results.
Mathematical model
In order to develop a mathematical model allowing analytical solution of the fluid-structure interaction, both the airflow and the paper sheet are modeled in 1D, neglecting flow components and paper motion variations in the direction of the sheet width. Within this concept, the structural model of the sheet is equivalent to a model of a 1D fiber subjected to tangential airflow.
Structural model of the flexible paper sheet
The paper sheet of length L is modeled as a 1D chain of (n + 1) identical masses m connected by n massless rods, torsional springs k T and linear torsional dampers b T at points with indices 0 through (n − 1), see Fig. 1 . This is a similar approach as in the needle-chain model of Battochio et al. [1] , Wang et al. [2] or the rod-chain model of Switzer et al. [3] and Lindström and Uesaka [4] , or the pseudo-rigid-body model of Hall [5] . In the current model, the only relevant structural deformation mode is the bending. The rods have a length of ∆ = L/n, position of the mass with index i is denoted as x i = i · ∆. As the model is intended for identification of the cricital flow velocity for the flow-induced instability, the model assumes small vertical displacements w i of the masses from equilibrium position. The angles between the adjacent segments are denoted as ϕ i . In the mean straight position of the chain (ϕ i = 0 ∀i ∈ 0, n − 1 ), the torsion springs do not exert any bending moment and the gravity is assumed to be balanced by mean aerodynamic forces. The boundary conditions for the structure are considered as clamped -fixed, i.e. w 0 = 0, w n = 0, with a torsional spring at x 0 but not at x n .
The structural model parameters were specified in such a way that they represent the real configuration and paper sheet, which was susceptible to flow-induced vibration.
Model of the airflow
In order to retain the possibility to solve the coupled equations analytically, the airflow is modeled as a simple quasi-1D incompressible flow of an inviscid fluid, described by unsteady Euler equations
and the continuity equation in 1D
where U , p and ρ is the flow velocity, pressure and density, and A(x, t) is the cross-section of the channel. The segments between the masses remaining straight, the channel cross-section at location x can be expressed as
where b is the channel width, w(x, t) a piecewise linear function describing the channel height and f i (x) is the Heaviside lambda function which is piecewise linear, equal to one at the location of i-th mass x i and zero in all other mass locations (see also Fig. 1 ). If the flow velocity is decomposed into mean and perturbation part
and small perturbations are assumed, i.e. w(x, t) H 0 andũ(x, t) U 0 , the Euler and continuity equations (1), (2) can be rewritten into their linearized forms
In the section downstream of the nozzle, i.e. x ∈ x k , L , the boundary conditions areũ(x k ) = 0, p(L) = 0. The velocity perturbations upstream of the nozzle (x ∈ 0, x k ) are induced by sheet vibration only and are assumed not to interact with the jet flow upstream, i.e. U 0 = 0, p(0) = 0 andũ(x k ) = 0.
Coupled model of the fluid-structure interaction in frequency domain
The basic strategy of the current model is to derive the coupled equations for the aeroelastic system in frequency domain in such a way, that they can be analytically solved. First, the equations of motion of the mechanical system for small displacements are derived from the Lagrange equations in the form
where M, B, K ∈ R (n−1)×(n−1) are the mass, damping and stiffness matrices with the rank equal to the number of free chain elements and w(t) = (w 1 (t), . . . w n (t))
T is the vector of deflections (see Fig. 1 ). Equations (5) and (6) are integrated twice yielding the pressure distribution p(x, t) and finally the aerodynamic forces. After nontrivial and rather arduous manipulation, the coupled equations in time domain can be expressed as
where M 2 , B 2 and K 2 are the added aerodynamic mass, damping and stiffness matrices. System (8) with matrices
Assuming harmonic oscillation with complex angular frequency ω and denoting u(t) = (w,ẇ) T = u 0 e ωt , the coupled ordinary differential equations of motion in time domain (8) are transformed into an eigenvalue problem in frequency domain
For a given flow velocity U 0 corresponding to a specific air pressure setting on the offset printing machine, the real and imaginary part of the eigenfrequency ω determines whether the system is stable (any disturbance disappears in damped vibration) or unstable (any disturbance grows exponentially due to energy transfer from the airflow, leading to large-amplitude oscillation). Three cases are possible:
• Re(ω) < 0 .. stable
• Re(ω) > 0, Im(ω) = 0 .. static instability (divergence). The sheet bends exponentially until the validity of the small deflection assumption is violated. In reality, the deflection would be limited by some nonlinearity, e.g. the impact of the paper against the feed table or nonlinearity of the flow equations.
• Re(ω) > 0, Im(ω) = 0 .. dynamic instability (flutter). The paper oscillates with exponentially growing amplitudes until the validity of the small deflection assumption is violated.
Thus, the critical velocity U 0,crit can be defined as the lowest flow velocity U 0 , for which the real part of the eigenvalue becomes positive. The eigenvector corresponding to the unstable eigenfrequency determines the mode of vibration. A similar mechanical model with two degrees of freedom coupled to a 1D flow model was successfully employed in the simulation of flow-induced vibration of a rigid body in the channel wall [6] , here it is generalized to a case with n degrees of freedom and inflow (nozzle) in an arbitrary location. The full details regarding the analytic integration, incorporation of the boundary conditions and specific form of the structural and aerodynamic matrices are not given here, and will be published in a separate paper.
Results
The critical flow velocities for the onset of flow-induced vibration of a flexible sheet was calculated for three grammages (surface densities) of the paper sheet within a range of gaps H 0 between the paper sheet and feed table. Here, a case with the standard office paper grammage ρ S = 60 g/m Fig. 3 shows the same unstable eigenfrequencies in a 3D plot.
The vibration patterns of two unstable modes of the paper sheet for a supercritical flow velocity U 0 = 100 m/s are demonstrated in Fig. 4 ., as calculated from the complex amplitude and eigenvector of the unstable vibration mode. 
Discussion and conclusions
A 1D analytic model of fluid-structure interaction of the paper sheet with the jet flow from the nozzle was derived and implemented. For a specified set of parameters, the model predicts the stability boundaries of the system -critical flow velocity U 0 above which any disturbance will be exponentially amplified by energy transfer from the airflow to the structure until limit cycle oscillations develop. When interpreting the results, following limitations of the current model have to be born in mind:
• The flow model is 1D -corresponding to a uniform flow exiting a planar nozzle along the whole paper sheet width. In reality, the flow exits from about ten rectangular nozzles distributed along the paper width. Moreover, some of the jets are oriented obliquely with respect to direction of the paper motion, resulting in complex 2D airflow patterns.
• The model of the paper sheet is 1D -it can capture only vibration in the direction of the paper motion. From high-speed video visualization of the fluttering paper sheet, it can be seen that the sheet also exhibits transverse waves along its width.
• The model is valid under the assumption of small deflections. The model was designed to predict the stability boundaries, not the temporal development of large-amplitude vibration. It certainly cannot capture what happens if the paper collides with the feed table or supports.
The results for other paper sheet grammages, sensitivity analysis of the model to the parameters, analysis of the influence of the gap H 0 and results of measurements on a real offset printing machine will be given in a follow-up separate paper.
